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In 1945 Yves Le Grand published conditions, now largely forgotten, on the 4  4 matrix of an astigmatic
eye for the eye to be emmetropic and an additional condition for retinal images to be undistorted. The
conditions also applied to the combination of eye and the lens used to compensate for the refractive error.
The conditions were presented with almost no justiﬁcation. The purpose of this paper is to use linear
optics to derive such conditions. It turns out that Le Grand’s conditions are correct for sharp images
but his condition such that the images are undistorted prove to be neither necessary nor sufﬁcient in gen-
eral although they are necessary but not sufﬁcient in most situations of interest in optometry and vision
science. A numerical example treats a model eye which satisﬁes Le Grand’s condition of no distortion and
yet forms elliptical and noncircular images of distant circles on the retina. The conditions for distant
object are generalized to include the case of objects at ﬁnite distances, a case not examined by Le Grand.
 2013 Elsevier B.V. All rights reserved.1. Introduction
What conditions must an eye, or the refractive surgeon, satisfy
so that a clear image of an object is projected onto the eye’s retina?
What are the conditions if the image is to be not distorted? What
target conditions must an optometrist aim to fulﬁl if he or she is
providing the eye with a spectacle lens, telescope or other visual
aid? In an account, now all but forgotten, Yves Le Grand presented
such conditions for a possibly-astigmatic eye and for distant ob-
jects. That was in an appendix, entitled Le calcul des matrices en
optique, in the ﬁrst edition of volume 1 of his Optique Physiologique
(Le Grand, 1945, pp. 322–328). The appendix was also carried in
the third edition (Le Grand, 1964, pp. 374–381) the English trans-
lation of which became the well-known Physiological Optics by Le
Grand and El Hage (1980); the appendix, however, was omitted
from the translation.
Le Grand presented his conditions with almost no explanation
or justiﬁcation. Close inspection reveals, however, that his condi-
tions are not entirely correct. Accordingly the purpose of this paper
is to derive the conditions under which sharp and undistorted
images are formed on the retina; distant objects are considered
ﬁrst and the results are then generalized to obtain the conditions
for objects at any distance. The optical model used here is linear
optics and the mathematical tool linear algebra and its matrices.
Gaussian optics is a ﬁrst-order optics in the plane; linear optics
is a three-dimensional generalization (Guillemin & Sternberg,1984, pp. 7–34). Both appear ﬁrst to have been phrased in terms
of linear algebra by Smith (1927, 1928). The matrix treatment of
Gaussian optics has since become well known generally and in
connection with the eye in particular (Arsenault & Macukow,
1983; Blaker, 1971; Bourdy, 1962; Brouwer, 1964; Das, 1991, pp.
7–55; Ditteon, 1998, pp. 167–202; Gerrard & Burch, 1975; Halbach,
1964; Herzberger, 1935; Klein & Furtak, 1986, pp. 151–183;
Lipson, Lipson, & Tannhauser, 1995, pp. 48–70; Maréchal, 1956;
Ogle, 1936; Smith & Atchison, 1997, pp. 752–772; Torre, 2005).
The matrices involved in that work are 2  2 and astigmatism
cannot be adequately accommodated. The 4  4 matrices of linear
optics allow for astigmatism (Bourdy, 1962; Guillemin & Sternberg,
1984, pp. 26–28; Smith, 1928). They were introduced into the lit-
erature of optometry and vision science by Keating (1981a,
1981b) and later used by others (Acosta & Blendowske, 2007;
Harris, 2001, 2012a, 2012b; Langenbucher et al., 2004; Langenbu-
cher, Reese, & Seitz, 2005). Called by various names, including
system matrix (Keating, 1981a, 1981b),matrice de transfert (Bourdy,
1962), and ray-transfer matrix (Torre, 2005, pp. 59–110), the 4  4
matrix will be referred to here as the (ray) transference.
We turn ﬁrst to Le Grand’s conditions. We then examine the ray
transference and its relationship to Le Grand’s matrices. From the
transference we obtain the conditions for a sharp retinal image
of a distant object and show that they are equivalent to Le Grand’s
conditions. The transference leads on to give conditions for an
undistorted sharp image of distant objects which we compare with
Le Grand’s conditions. We specialize the results for images that are
sharp, undistorted and unrotated. Finally we extend the conditions
to cover objects at ﬁnite distances as well. A numerical example
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which satisﬁes Le Grand’s condition for images free of distortion.
2. Le Grand’s conditions
Following Smith (1928, 1945) and Ogle (1936), Le Grand (1945)
begins with 2  2 real matrices for analysing systems in which
astigmatism is unimportant. In order to accommodate astigmatism
in the theory Le Grand then generalizes to Smith’s (1928) 4  4 real
matrices which he writes as
M ¼
e j p m
i f n q
d b g k
a c l h
0
BBB@
1
CCCA: ð1Þ
Bold-face upper-case letters like M are used throughout this paper
for square matrices. Le Grand uses M for M and vertical lines in-
stead of the large brackets; otherwise the symbols are the same
as his.
Le Grand (1945) offers no explanation of matrix M beyond say-
ing that ‘The 16 terms of this matrix include four powers (a, b, c, d),
eight numbers (e, f, g, h, i, j, k, l), and four lengths (m, n, p, q)’ and that
‘there are six relations among these terms which reduce the num-
ber of independent coefﬁcients to 10’ (WFH’s translation). It ap-
pears that Le Grand regards M merely as a convenient scheme for
calculating certain optical properties and for obtaining the condi-
tions under which retinal images are sharp and undistorted; and
as having no further signiﬁcance. In fact, as we shall see in Section 3,
M turns out to be the inverse of the ray transference of a system
and, as such, is a linear operator which gives the incident state of
a ray traversing the system in terms of the emergent state of the
ray (Section 3). Le Grand does not hint at this interpretation of M.
For a refracting surface Le Grand writes the matrix as
M ¼
1 0 0 0
0 1 0 0
C A 1 0
A B 0 1
0
BBB@
1
CCCA; ð2Þ
where scalars A, B, and C are what he calls three powers of the sur-
face. For a refracting surface of principal meridional power Dy{u}
Dz{u + 90} (the notation was introduced in: Harris, 2000), that is,
Dy the power along the principal meridian at u and Dz the power
along the other principal meridian, he deﬁnes these powers by
A ¼ ðDy  DzÞ sin 2u; ð3Þ
B ¼ Dy sin2uþ Dz cos2u; ð4Þ
C ¼ Dy cos2uþ Dz sin2u: ð5Þ
For a homogeneous space or gap of reduced width d the matrix
is
M ¼
1 0 d 0
0 1 0 d
0 0 1 0
0 0 0 1
0
BBB@
1
CCCA: ð6Þ
Le Grand (1945) refers to this as a displacement by reduced distance
d1, d1 being corrected to d in the third edition (Le Grand, 1964).
Suppose a compound system is made up of two systems S1 and
S2 in the order S1 followed by S2. S1 and S2 have matrices M1 and
M2, respectively. Then the matrix of the compound system is given
by (Le Grand, 1945)M ¼ M1M2: ð7Þ
This generalizes for a system compounded of any number of sub-
systems whose matrix can be obtained by multiplying the matrices
of the subsystems in the order they are in in the compound system.
If the structure (curvatures and separations of surfaces and
refractive indices) of an optical system is known then the system’s
matrix (Eq. (1)) can be readily calculated by means of Eqs. (2)–(7).
In particular the matrix can be calculated for an eye or for an eye
with a lens or other optical device in front of it.
With no explanation or justiﬁcation Le Grand (1945) goes on to
assert that, for a distant object and a system with matrix M given
by Eq. (1), the condition for correction of astigmatism is
l
a
¼ k
b
¼ h
c
¼ g
d
¼ x0: ð8Þ
x0 is the reduced distance downstream from the system to the image
plane. We shall refer to Eqs. (8) as Le Grand’s ﬁrst condition. The
system in question may be the eye from immediately anterior to
the tear ﬁlm to immediately posterior to the lens, or it may be from
immediately anterior to an optical device in front of the eye to
immediately posterior to the lens of the eye. In either case, if the
system satisﬁes Eqs. (8), the pencil of light leaving the lens is stig-
matic; the eye would be emmetropic if the reduced depth of the vit-
reous chamber was equal to x0.
Although sharp if Eqs. (8) are satisﬁed, and x0 is the reduced
depth of the vitreous chamber, the retinal image is usually dis-
torted. For example a distant circular object would map to an ellip-
tical image. For the image to be free of distortion a supplementary
condition is also required. This is given by Le Grand (1945), again
without explanation, as
c ¼ d; ð9Þ
or
g ¼ h: ð10Þ
Eqs. (9) and (10) represent what we shall call Le Grand’s second
condition.
The analysis below will conﬁrm Le Grand’s ﬁrst condition. On
the other hand we shall ﬁnd that, in most situations of interest,
his second condition is necessary but not sufﬁcient. However there
are situations in which the second condition is not necessary; sys-
tems exist for which his second condition is false. Below we shall
derive the ﬁrst condition and the necessary and sufﬁcient condi-
tion for sharp and undistorted retinal images.
With minor exceptions all of the symbols used so far are Le
Grand’s. They are retained throughout the rest of this paper to dis-
tinguish his concepts from other concepts to be introduced below.
3. Relation between Le Grand’s matrices and the matrices of
linear optics
There are strong similarities between the matrix used by Le
Grand and the ray transference. They are not the same however.
The transference is a 4  4 matrix S, like that of Eq. (1). For conve-
nience the entries of S are grouped into four 2  2 submatrices A, B,
C, and D as follows (Guillemin & Sternberg, 1984, pp. 26–28; Torre,
2005, pp. 118–132)
S ¼ A B
C D
 
: ð11Þ
S is symplectic (Guillemin & Sternberg, 1984, pp. 23–27; Torre,
2005, p. 2). This means that its 16 entries are not independent
but related by the following three matrix equations (Herzberger,
1936; Kauderer, 1994, p. 27; McDuff & Salamon, 1998, p. 20; Serre,
2002, p. 127)
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BTD ¼ DTB; ð13Þ
ATD CTB ¼ I: ð14Þ
I is an identity matrix and superscript T represents the matrix trans-
pose. These and other symplectic properties of the transference are
summarized elsewhere (Harris, 2010a).
Note the distinction between bold-face symbols like A, B, and C,
on one hand, which represent square matrices, and the light-face
italic symbols A, B, and C, on the other, which are Le Grand’s scalars
deﬁned by Eqs. (3)–(5).
For a homogeneous gap of reduced width f the transference is
(Guillemin & Sternberg, 1984, p. 27)
S ¼ I If
O I
 
; ð15Þ
where O is a null matrix. Eq. (15) is identical to Eq. (6) except that
there are no minus signs. For a refracting surface the transference is
(Guillemin & Sternberg, 1984, p. 27)
S ¼ I O
C I
 
; ð16Þ
the dioptric power of the surface being represented by the symmet-
ric dioptric power matrix
F ¼ C: ð17Þ
C is the divergence of the surface. The bottom-left 2  2 submatrix of
Eq. (2) is the dioptric power F except that the factor 12 should be in-
serted on the right-hand side of Eq. (3). (The missing 12 in Eq. (3)
would appear to be a typographical error in the original (Le Grand,
1945); however the error is not corrected in the third edition (Le
Grand, 1964).) Eqs. (3)–(5), with the missing 12 inserted, are equiva-
lent to Fick’s (1972; Blendowske, 2003) and Long’s (1976) equations
for the entries of F. Thus Eq. (16) is identical to Eq. (2) except that
the bottom-left submatrices have opposite signs. Lastly Eq. (7) is
the same as the corresponding equation in linear optics (Acosta &
Blendowske, 2007; Arsenault, 1980; Torre, 2005, p. 113),
S ¼ S2S1; ð18Þ
except that the order of multiplication is reversed.
The inverse of the transference is
S1 ¼ D
T BT
CT AT
 !
: ð19Þ
This is readily conﬁrmed by multiplication, the use of Eqs. (12)–
(14), and the deﬁnition of the inverse.
It is evident from the observations of the previous two para-
graphs that Le Grand’s matrix is the inverse of the transference,
that is,
M ¼ S1: ð20Þ
Inversion reverses the order of multiplication (compare Eqs. (7) and
(18)) and accounts for the difference in sign of the top-right and
bottom-left submatrices (Eqs. (6) and (15) and Eqs. (2) and (16)).
Hence, comparing Eqs. (1) and (19), we obtain the following equiva-
lences between submatrices of the transference and of Le Grand’s
matrix:
e j
i f
 
¼ DT; ð21Þ
p m
n q
 
¼ BT; ð22Þd b
a c
 
¼ CT; ð23Þ
g k
l h
 
¼ AT: ð24Þ4. Condition for sharp images of distant objects
Eqs. (20)–(24) allow for translation between Le Grand’s symbol-
ism and the symbolism in recent usage in linear optics (Acosta &
Blendowske, 2007; Harris, 2004, 2012a, 2012b; Torre, 2005, pp.
118–132). Turning to linear optics we now develop the conditions
for focus of distant objects on the retina. Eqs. (20)–(24) will after-
wards allow us to relate the ﬁndings to Le Grand’s ﬁrst condition,
namely Eqs. (8).
The transference of a system is a linear operator that changes
the state of a ray across the system. We write
Sq0 ¼ q; ð25Þ
where
q0 ¼
y0
_n0a0
 
; ð26Þ
y0 is the state of the ray at incidence onto the system and
q ¼ y
_na
 
; ð27Þ
the state of the ray at emergence from the system. q0 and q are
4  1. _n0 and _n are the indices of refraction immediately anterior
and posterior to the system respectively (the dot serves to distin-
guish these symbols from Le Grand’s n (Eq. (1));y0 and y, each
2  1, are the transverse position vectors of the ray at incidence
and emergence respectively; and a0 and a, also each 2  1, are the
inclinations (also called direction cosines) of the ray at incidence
and emergence.
With S substituted from Eq. (11) into Eq. (25), together with q0
and q from Eqs. (26) and (27), we obtain two equations one of
which we need below, namely
Ay0 þ _n0Ba0 ¼ y: ð28Þ
Rays from a distant object point all have the same incident inclina-
tion a0. If the system happens to have A = O then the emergent
transverse position y is independent of the incident transverse po-
sition y0. It follows that all rays from the distant object point will
emerge from the system at the same point. We say such a system
is exit-plane focal (Harris, 1999). An emmetropic eye is an example.
The optical system in question here in the case of an eye is the
whole eye from just in front of the tear ﬁlm on the cornea to the ret-
ina whereas in Le Grand’s treatment the optical system excludes the
vitreous.
Consider now the optical system used by Le Grand, that is, the
system from immediately anterior to the eye, or from immediately
anterior to an optical device in front of the eye, to immediately
posterior to the lens of the eye. It has transference S given by Eq.
(11). We extend the system by appending the vitreous chamber
whose reduced depth is f. Thus the extended system SE is the
whole eye with or without an optical device in front of it. For the
vitreous the transference is given by Eq. (15). The transference of
the extended system is then given by Eq. (18) with Eq. (11) used
for S1 and Eq. (15) used for S2, the result being
SE ¼
AE BE
CE DE
 
¼ Aþ fC Bþ fD
C D
 
: ð29Þ
Note that CE = C and DE = D.
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AE ¼ Aþ fC ¼ O: ð30Þ
Then distant objects map to sharp images on its exit plane. Hence
Eq. (30) is the condition that distant objects form sharp images on
the retina. AE is the ametropia of the eye; AE = O implies an emme-
tropic eye.
Transposing Eq. (30) and substituting from Eqs. (23) and (24)
we obtain
g k
l h
 
¼ f d b
a c
 
: ð31Þ
Because f = x0 we see that Eq. (31) is equivalent to Eqs. (8) and,
hence, Le Grand’s ﬁrst condition is proved.
5. Condition for undistorted images of distant objects
A system satisfying Eq. (30) produces sharp retinal images of
distant objects. The images are usually distorted however. To ﬁnd
the condition that makes images also free of distortion we turn to
Eq. (29) and apply Eq. (30). We then apply Eq. (14) but written for
extended system SE. The result is
SE ¼ O C
T
C D
 !
; ð32Þ
where CT is the common abbreviation for (C1)T. It follows that,
applied to SE, Eq. (28) becomes
 _n0CTa0 ¼ y: ð33Þ
Fig. 1 is a schematic representation, not to scale, of a distant ob-
ject point O and its image in the transverse plane TR immediately
anterior to the retina. Z is the optical axis of system SE. O is shown
on a circle centred on Z. A stick ﬁgure is looking in the direction of
Z. The circle in object plane TO maps to a circle in image plane TR if
the coefﬁcient of a0 in Eq. (33) is a scalar lmultiple of either a rota-
tion matrix
Rh ¼
cos h  sin h
sin h cos h
 
; ð34Þ
or a reﬂection matrix
Rh ¼
sin 2h cos 2h
cos 2h  sin 2h
 
: ð35Þ
These matrices are found in standard texts (for example: Friedberg,
Insel, & Spence, 2003, pp. 382–384). For the stick ﬁgure in Fig. 1 Rh
represents anticlockwise rotation by angle h and Rh reﬂection in theO
OT
Fig. 1. Schematic representation, not to scale, of a distant object point O and its image poi
immediately anterior to the tear ﬁlm on the cornea or to the ﬁrst surface of a lens or ot
optical system SE. Z is the optical axis.meridian at h. The diagonal elements of Rh are identical and the off-
diagonal elements differ only in sign. The opposite is true ofRh. Rota-
tion includes the special cases R0 ¼ I (no rotation) and R180 ¼ I
(inversion). Because theminus sign can be absorbed intolwe can re-
gard both of these special cases as representing no rotation.
The condition that images are undistorted can therefore be
written
 _n0CT ¼ lR; ð36Þ
where R = Rh or Rh. Now RT = R. Hence
CE ¼  _n0R=l; ð37Þ
that is, the divergence CE is a scalar multiple of a rotation or reﬂec-
tion matrix.
For the stick ﬁgure in Fig. 1, object point O moving clockwise
around the circle would result in clockwise movement of image
point I if R is given by Eq. (34) (rotation) and anticlockwise move-
ment if R is given by Eq. (35) (reﬂection). Rotation preserves chiral-
ity or handedness; reﬂection reverses it.
Inspection of CE readily reveals a system free of distortion: if (a)
the diagonal elements of CE are the same and the off-diagonal ele-
ments sum to zero or if (b) the off-diagonal elements are the same
and the diagonal elements sum to zero then the image is free of
distortion but its chirality is reversed in (b).
Substituting from Eq. (37) into Eq. (23) we obtain
d b
a c
 
¼ _n0
l
cos h sin h
 sin h cos h
 
; ð38Þ
or
d b
a c
 
¼ _n0
l
sin 2h cos 2h
cos 2h  sin 2h
 
: ð39Þ
In the ﬁrst case we see that
c ¼ d ¼ _n0 cos h
l
and a ¼ b ¼  _n0 sin h
l
; ð40Þ
and in the second case
c ¼ d ¼  _n0 sin 2h
l
and a ¼ b ¼ _n0 cos 2h
l
: ð41Þ
Because of Eq. (31) the two cases also imply
g ¼ h and l ¼ k; ð42Þ
and
g ¼ h and l ¼ k: ð43Þ
respectively.Zy
RT
I
KT
ES
nt I in transverse plane TR immediately anterior to the retina. TK is a transverse plane
her optical device in front of the eye. TK and TR are the entrance and exit planes of
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Le Grand’s second condition, that is, for an undistorted retinal im-
age is incomplete. It is not sufﬁcient that his condition (Eq. (9)) be
satisﬁed; it is also necessary that a = b (Eqs. (40)). A numerical
example below illustrates the point. Eqs. (41) show that Le Grand’s
second condition is also not necessary. However Eqs. (41) do not
represent situations that arise in ordinary applications in optome-
try and vision science. Eyes typically have dioptric powers that are
roughly positive scalar matrices; c = d seems all but impossible
for them. We expect the same for an eye combined with a compen-
sating spectacle or contact lens. Nevertheless systems that satisfy
Eqs. (41), for example an eye with an optical device in front of it,
are realizable (Sudarshan, Mukunda, & Simon, 1985).
6. Condition for images of distant objects that are undistorted
and unrotated
Restricting R to I provides the necessary and sufﬁcient condi-
tion that sharp images are both undistorted and unrotated, namely
that
CE ¼  _n0I=l; ð44Þ
or, in other words, that the divergence CE is a scalar matrix. In Le
Grand’s symbolism the conditions are
c ¼ d ¼ _n0
l
and a ¼ b ¼ 0; ð45Þ
a result obtainable from Eqs. (40).
7. Objects at ﬁnite distances
Having obtained conditions under which distant objects form
sharp and undistorted retinal images we now turn to the case in
which objects are at ﬁnite distances.
Consider an object point O. It lies at transverse position yO in
object plane TO which is at reduced longitudinal position fO rela-
tive to entrance plane TK of extended system SE (the whole eye
or the whole eye with optical instrument in front of it). O may
be real (fO 6 0) or virtual (fO > 0) though for convenience, and
without loss of generality, we shall think of it as real. Of course,
in most cases, the medium between O and the eye is air and so
fO is also the actual longitudinal position of O.
Let S0 represent the homogeneous space between TO and TK and
S0E the compound system from the object plane to the retina. Prop-
erties of S0E can be distinguished by means of subscript 0E. S0E con-
sists of S0 followed by SE and, hence, because of Eq. (18), its
transference is
S0E ¼ SES0; ð46Þ
where 0 denotes a property of subsystem S0. Because of Eqs. (29)
and (15),
S0E ¼
AE BE  AEfO
 
 
: ð47Þ
The bottom block-row is not needed in what follows.
Consider Eq. (28) written across compound system S0E and for
rays from object O. We now impose the condition that object O
form a sharp retinal image. Then S0E is conjugate and from Eq.
(28) we ﬁnd that
AEyO ¼ y; ð48Þ
the reason being that A0E = AE (from Eq. (47)) and B0E = O because of
conjugacy (every ray from O arrives at the same point y on the
retina).B0E = O is the condition, necessary and sufﬁcient, for a sharp ret-
inal image. Because of Eq. (47) this condition can be written
AE ¼ BE=fO; ð49Þ
for fO– 0 and
BE ¼ O; ð50Þ
for fO = 0. Provided disjugacy BE is nonsingular Eq. (49) can also be
expressed as
B1E AE ¼ I=fO: ð51Þ
In the limit as fO goes to ±1 Eq. (49) reduces to Eq. (30), the condi-
tion that distant objects map to sharp retinal images. Thus the case
of distant objects becomes a special case of the case of objects at
any distance.
Recognizing the left-hand side of Eq. (51) as F0, the corneal-
plane refractive compensation required for seeing distant objects
clearly (Harris, 1999), we see that the condition for sharp retinal
images can be expressed as
F0 ¼ I=fO; ð52Þ
which comes as no surprise.
Eq. (48) represents a linear transformation of object transverse
position to image transverse position; dilation AE is, therefore, a
generalized magniﬁcation (Harris, 2010b) of object to retinal im-
age. The equation is identical in form to Eq. (33) with yO replacing
 _na0, for example, and AE replacing CT. Hence, with appropriate
replacements, all the material of Section 5 applies for objects at ﬁ-
nite distances as well. It follows that the necessary and sufﬁcient
condition for the retinal image to be undistorted is that AE be a sca-
lar multiple of a rotation (Eq. (34)) or a reﬂection (Eq. (35)) which
we can write as
AE ¼ mR: ð53Þ
Scalar multiplier m represents scalar magniﬁcation, that is, conven-
tional magniﬁcation or magniﬁcation independent of transverse
direction. Inspection of AE reveals a system free of distortion in
the same way as inspection of CE reveals a distortion free system
for distant objects.
The condition for the image also to be unrotated is R = I, and,
hence,
AE ¼ mI: ð54Þ
In other words the ametropia AE is a scalar matrix.
It is easy enough to rewrite these conditions in terms of the en-
tries of Le Grand’s matrix (Eq. (1)). However there seems little
point in doing so because the equations turn out to be inelegant,
Le Grand (1945) did not consider objects at ﬁnite distances, and,
anyway, we already have the conditions in the form of Eq. (52)
or Eq. (50) for sharp images, Eq. (53) for images that are also undis-
torted, and Eq. (54) for images that are also unrotated.8. Examples
Consider the reduced eye, a simple model eye of power 60 D. In
linear optics the power is the scalar matrix F = 60I D and, hence, by
Eq. (17), C = 60I D. Setting _n0 ¼ 1 (for air) in Eq. (37) we obtain R/
l = 60I D. It follows that R ¼ I ¼ R0 and l = 1/60 m. (We could also
write R ¼ I ¼ R180 and l = 1/60 m; if required such ambiguity
can be removed by imposing the restrictions 90 < h 6 90 on
rotations and 45 < h 6 45 on reﬂections.) The reduced eye has
c = d = 60 D and a = b = 0 D; it satisﬁes the condition represented
by Eq. (45) for distant objects the images of which are neither dis-
torted not rotated.
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Grand’s condition (Eq. (9)) is not sufﬁcient, that it is indeed possi-
ble for the retinal image to be distorted despite the fact that his
condition is satisﬁed. A model eye has three refracting surfaces.
The ﬁrst surface (the ‘cornea’) has principal meridional power
42:09 Df61g37:71 D, that is, 42.09 D along the principal meridian
at 61 and 37.71 D along the other principal meridian. The second
and third surfaces (the anterior and posterior surface of the lens)
have powers 2 D{81}7 D and 14 D{126}4 D respectively. The re-
duced distance from the ﬁrst to the second surface is 4.6 mm, from
the second to the third 6.5 mm and from the third to the retina
11 mm. These are numbers rounded from numbers chosen to illus-
trate the theory; they are artiﬁcial and not intended to be realistic.
To calculate the transference of each refracting surface we can
make use of Eqs. (3)–(5) (Le Grand’s equations) but we need to in-
sert the missing factor 12 (see discussion after Eq. (17)); they give A,
B, and C which we arrange as in the bottom-left 2  2 submatrix of
Eq. (2) to make the dioptric power F. We reverse the sign to give
the divergence C (Eq. (17)) and substitute into Eq. (16). Eq. (15)
gives the transference of each of the homogeneous gaps. Multiply-
ing the six transferences in reverse order by repeated use of Eq.
(18) we obtain the model eye’s transference,
SE ¼
0 0 0:02 0:00
0 0 0:00 0:02
48:47 1:48 0:89 0:06
1:50 48:47 0:06 0:87
0
BBB@
1
CCCA:
The units in the top-right 2  2 submatrix are metres; they are
dioptres in the bottom-left block; the remaining entries have no
units. 4  4 matrices that follow have the same pattern of units. It
follows that the divergence of this model eye is
CE ¼
48:47 1:48
1:50 48:47
 
D:
The top-left submatrix of SE is null. Thus the condition (Eq. (30))
for formation of sharp images is satisﬁed; the eye is emmetropic.
However divergence CE is not a scalar multiple of a rotation (Eq.
(34)) or a reﬂection matrix (Eq. (35)); thus the condition for forma-
tion of an undistorted image is not satisﬁed. Calculation shows that
a distant circle will produce an elliptical retinal image with diam-
eter at 45 approximately 6.3% bigger than at 135.
For this model eye Le Grand’s (1945) matrix (Eq. (1)) turns out
to be
M ¼
0:88 0:06 0:01 0:00
0:06 0:8741 0:00 0:01
48:47 1:50 0:53 0:02
1:48 48:47 0:02 0:53
0
BBB@
1
CCCA:
Eqs. (8) are satisﬁed and, hence, by Le Grand’s ﬁrst condition images
are sharp in agreement with the conclusion above. However Eq. (9)
is also satisﬁed (as is Eq. (10)). By Le Grand’s second condition, then,
the retinal images should also be undistorted, a result in conﬂict
with what we have already seen.
9. Concluding remarks
For an eye, or for a compound system of eye and optical device
in front of it, the necessary and sufﬁcient condition that a sharp
retinal image will be formed of a distant object is that the top-left
2  2 submatrix AE of the system’s transference SE be null (Eq.
(30)). The condition, also necessary and sufﬁcient, that the sharp
image be undistorted is that the bottom-left submatrix, the diver-
gence CE, is a scalar multiple of either a rotationmatrix or a reﬂectionmatrix (Eq. (37)). For an image to be sharp, undistorted and unro-
tated the necessary and sufﬁcient condition is that the bottom-left
submatrix of the transference be a scalar matrix (Eq. (44)).
Le Grand’s condition for a sharp image (Eqs. (8)) is equivalent to
the condition that AE be null. However Le Grand’s condition for a
sharpundistorted image (Eq. (9) or Eq. (10)) is not in completeagree-
ment with the condition described above; his condition is neither
necessary nor sufﬁcient. A numerical example considered above is
of a model eye for which Le Grand’s condition is satisﬁed but for
which retinal images are in fact distorted. In order to exhibit the ef-
fect, however, we have had to select a model that is rather extreme.
For a reﬂection matrix the diagonal entries of the divergence,
that is, of the bottom-left submatrix of the transference, have the
same magnitudes but opposite signs. It is quite possible for the
combination of an eye and an optical instrument to satisfy this
condition. Images have reversed chirality. On the other hand it
seems highly unlikely for any eye, or any eye compensated by
means of a spectacle or contact lens, to satisfy this condition. Diag-
onal entries typically are comparable (around 40 to 60 D) and
have the same sign. It would seem safe, therefore, to drop the
reﬂection matrix from consideration in ordinary applications in
optometry and the vision sciences. If one does so Eqs. (41) fall
away as a condition for the formation of undistorted images. Le
Grand’s condition (Eq. (9) or Eq. (10)) then becomes a necessary
but not a sufﬁcient condition. Nevertheless in many traditional
applications the distortion is likely to be small and the visual sys-
tem may be able to adapt to or otherwise tolerate it. Le Grand’s
condition may then be sufﬁcient in practice.
For objects at ﬁnite distances Eq. (52) is the condition for sharp
retinal images and Eq. (53) the condition for images that are also
free from distortion.
It seems appropriate to make some remarks concerning Le
Grand’s matrix M deﬁned by Eq. (1). Although at ﬁrst sight it may
seem equivalent to the ray transference S, M is in fact the inverse
of S (Eq. (20)). An attractive feature of Le Grand’s matrices is that,
for a compound system, the order of matrix multiplication matches
the order of the subsystems (Eq. (7)), whereas transferences multi-
ply in reverse order (Eq. (18)). It follows from Eq. (25) thatMq = q0.
In other words, for a given optical system,M is a (symplectic) linear
operator that operates on the state of a ray at emergence from the
system (q, deﬁned by Eq. (27)) to give the state of that ray at inci-
dence (q0, deﬁned by Eq. (26)). In this sense, then, relative to trans-
ference S, his matrix works backwards (compare Eq. (25)). There is
no reason, however, to believe that Le Grand (1945) thought of or
used his matrix in this way. It is also important to note that when
Le Grand applies his matrix to the eye he writes it, not for the whole
eye, from just anterior to the corneal tear ﬁlm to just anterior to the
retina, but to just posterior to the lens of the eye; in other words his
matrix is for the eye excluding the vitreous.
Our objective here has been to formulate theoretical conditions
on an eye, or eye and visual aid, that projects images onto the retina
which are sharp, or sharp and free from distortion. The conditions
are general and hold for any eye, astigmatic or not, with or without
any visual aid. In order to apply the conditions we need to know the
ray transference of the system which we can calculate if we know
the curvatures and separations of refracting surfaces and refractive
indices of the eye and any device in front of it. The limitations are
those of the optical model we have used, namely linear optics. We
have not been concerned with the more challenging and practical
problem of whether or not, for any particular eye, surgery or optical
device can produce a system that does satisfy these conditions.
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